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We investigate the properties of a hybrid single electron transistor, involving a small supercon-
ducting island sandwiched between normal metal leads, which is driven by dc plus ac voltages. In
order to describe its properties we derive from the microscopic theory a set of coupled equations.
They consist of a master equation for the probability to find excess charges on the island, with
rates depending on the distribution of non-equilibrium quasiparticles. Their dynamics follows from
a kinetic equation which accounts for the excitation by single-electron tunneling as well as the re-
laxation and eventual recombination due to the interaction with phonons. Our low-temperature
results compare well with recent experimental findings obtained for ac-driven hybrid single-electron
turnstiles.
The excitation of non-equilibrium quasiparticles in su-
perconductors of reduced dimensions by an applied dc
bias or ac radiation has been the subject of theoretical
and experimental studies for decades. It has been demon-
strated, e.g., that quasiparticles excited by strong ac radi-
ation may enhance both the critical current of supercon-
ducting bridges [1] and the value of the superconducting
gap [2–4]. It has also been shown that a dc bias voltage
applied to a metallic dot coupled to superconductors may
lead to electronic cooling [5, 6]. More recently, the issue
of non-equilibrium quasiparticles has drawn renewed at-
tention. On one hand, it turned out that they reduce
the coherence time of superconducting qubits [7, 8]. On
the other hand, they limit the accuracy of single-electron
turnstiles when they are used as current standards [9–11].
Experiments with qubits and turnstiles are usually per-
formed at low temperatures and bias voltages, with su-
perconducting grains of small size. Under these condi-
tions the number of excited non-equilibrium quasiparti-
cles is low. Moreover, it is possible to detect even a sin-
gle quasiparticle trapped in a superconducting grain [12].
In this limit the quasiclassical theory of non-equilibrium
superconductivity based, e.g., on the Eilenberger or Us-
adel equations [13] is not sufficient. In this paper we
extend this theory, starting from the microscopic theory
of superconductivity but including the effect of single-
electron charges and Coulomb blockade. Specifically, we
consider a normal metal–superconductor–normal metal
(NSN) single-electron transistor (SET) as depicted in
Fig. 1(a). This setup has been used in recent single-
electron pumping experiments [12], and one of the goals
of our paper is to analyze them quantitatively. As il-
lustrated in the stability diagram in Fig. 1(b) we as-
sume that the SET is biased with a small dc voltage,
and at the same time a sinusoidal ac drive is applied to
its gate electrode. We derive a system of coupled equa-
tions which describe both the electron tunneling into and
out of the superconducting dot, the excitation of non-
equilibrium quasiparticles and their relaxation and re-
combination due to inelastic scattering with phonons, see
Fig. 1(c).
FIG. 1: (a) Schematics of a NSN single electron transistor. (b)
Stability diagram in equilibrium: shown is the absolute value
of the dc-current I in units of ∆/eRT where ∆ is the super-
conducting gap, e the electron charge and RT the tunneling
resistance. During the turnstile operation a bias voltage eVb,
a dc gate offset n0g between charging states 0 and 1 and an
ac gate-modulation with amplitude Ag are applied. (c) Illus-
tration of the processes taken into account in our model: an
electron-like quasiparticle is injected into the island through
one of the junctions, it is then scattered by phonons quickly
relaxing to an energy just above ∆, and, finally, it recombines
with a hole.
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2The paper is organized as follows. In Sec. I we de-
scribe our model and derive a set of equations, a master
equation for the probability of finding excess charges on
the island, coupled to a kinetic equation for the non-
equilibrium quasiparticle distribution. Together they
fully describe the non-equilibrium NSN SET. We solved
these equations numerically with results to be presented
in Sec. II. We also derive approximate descriptions and
recover several results obtained earlier. In Sec. III we will
summarize our results. Some details of the calculations
are moved to the appendix.
I. MODEL
We consider the system depicted in Fig. 1 (a), consist-
ing of a superconducting quantum dot (D) coupled to the
left (L) and the right (R) bulk normal leads via tunnel
junctions. It is described by the Hamiltonian
H =
∑
r=L,R
Hr +HD +HT . (1)
The normal metal leads are assumed to be reservoirs of
noninteracting electrons,
Hr =
∑
kσ
(ξrkσ − µr) c†rkσcrkσ. (2)
Here ξrkσ is the energy of an electron with momentum
k and spin σ, and c†rkσ are the corresponding electron
creation operators. The applied voltage shifts the electro-
chemical potentials by µr = ±eV/2.
The Hamiltonian of the superconducting island ac-
counts for the superconductivity, the Coulomb interac-
tion between electrons, and the electron-phonon interac-
tion. It reads
HD =
∑
kσ
Ek γ
†
kσγkσ + EC(nˆ− ng)2
+
∑
q
ωqb
†
qbq +He−ph. (3)
Here Ek =
√
∆2 + ξ2k is the quasiparticle energy, ∆ is
superconducting gap, ξk are the electron energies in the
normal state, while γ†kσ and γkσ are the creation and
annihilation operators of the quasiparticles obtained af-
ter the Bogoliubov transformation known from the BCS
theory. The second term of Eq. (3) describes the
Coulomb interaction modeled by an effective capacitance
and charging energy EC . It depends on the number of
excess electrons in the dot, given by the operator nˆ, and
the dimensionless offset charge ng = CgVg/e induced by
the gate voltage Vg applied to the dot via the gate ca-
pacitance Cg. The third term is the Hamiltonian of free
phonons with frequencies ωq and momenta q. Here and
below we set ~ = kB = 1. Finally, He−ph describes the
electron-phonon interaction. After the Bogoliubov trans-
formation to the quasiparticles it can be written in the
form
He−ph =
∑
qkσ
gk+q,k (uk+quk − vk+qvk)
× γ†k+q,σγkσ(bq + b†−q)
+
∑
qkσ
gk+q,k (uk+qvk + vk+quk)
× γ†k+q,σγ†kσ(bq + b†−q) + h.c. (4)
It depends on the matrix element of the electron-phonon
coupling, gk+q,k, and the coherence factors
u2k =
1
2
(
1 +
ξk
Ek
)
, v2k =
1
2
(
1− ξk
Ek
)
. (5)
The latter relate the quasiparticle operators, γ†kσ, γkσ, to
the electron operators in the dot, d†kσ, dkσ, as follows
dkσ = ukγkσ + σvkγ
†
kσ,
d†kσ = ukγ
†
kσ + σvkγkσ. (6)
Here we defined the ”time-reversed” operators γkσ ≡
γ−k−σ and assume that σ can take the values ±1 cor-
responding to spin up and down. The first sum in the
Hamiltonian (4) accounts for the inelastic scattering of
quasiparticles on phonons and conserves the quasiparticle
number, whereas the remaining terms describe Cooper
pair breaking and quasiparticle recombination.
The last term in the Eq. (1) is the sum of the tunnel
Hamiltonians of the left and right junctions,
HT =
∑
rkk′σ
trkk′ Tˆ e
−iφc†rk′σ(ukγkσ + σvkγ
†
kσ) (7)
+
∑
rkk′σ
tr∗kk′ Tˆ
† eiφ(ukγ
†
kσ + σvkγkσ)crk′σ.
The operator Tˆ =
∑
n |n〉〈n + 1| accounts for changes
of the number of electrons in the quantum dot, and
φ(t) =
∫ t
t0
dt′ eVφ(t′) is the phase associated with the
time-dependent gate voltage, with t0 being an arbitrary
initial time. To describe the experiment [12] we will as-
sume
Vφ(t) = −eAg
Cg
sin(2pift), (8)
which corresponds to harmonic pumping with the fre-
quency f and dimensionless amplitude Ag.
A. Sequential tunneling approximation
We describe the dynamics of the system within the
sequential tunneling approximation, which is valid in the
limit of weak tunneling
1/RLT , 1/R
R
T  e2/(2pi~), (9)
3where RLT , R
R
T are the resistances of the left and the right
junctions. We will further assume that the level spacing
in the island is small compared to the temperature and
the bias voltage and also that the frequency is smaller
than the charging energy and the superconducting gap,
f  EC ,∆. All these conditions were met in the single
electron pumping experiment [12], which we are going to
analyze in details below. Here we do not consider second
order cotunneling contribution to the transport current,
which may result in additional tunneling events thus de-
grading the performance of the single electron turnstile.
This contribution is obviously small in the limit (9) and
for small level spacing in the island [14, 15], and it should
be additionally suppressed by an exponential factor in
an NSN structure due to the superconducting gap in the
quasiparticle spectrum.
In second order perturbation theory in the tunnel
Hamiltonian HT , and within the Markov approximation,
we obtain the master equation for the probabilities pn
that the island of the SET transistor has excess charge n
(see Appendix B for details),
d
dt
pn(t) = Wn,n−1(t)pn−1(t) +Wn,n+1(t)pn+1(t)
− [Wn−1,n(t) +Wn+1,n(t)]pn(t). (10)
The tunneling rates in this equation split into contribu-
tions from the left and the right junction, i.e.
Wn+1,n(t) = W
L
n+1,n(t) +W
R
n+1,n(t), (11)
where
W rn+1,n(t) =
∑
σ
∫
dξ
[
wrn+1,n(E, t)
1−AnFξσ
2
(
1 +
ξ
E
)
+ wrn+1,n(−E, t)
AnFξσ
2
(
1− ξ
E
)]
, (12)
and E =
√
ξ2 + ∆2. The combination
wrn+1,n(E, t) =
fr (En+1 − En + eVφ(t)− µr + E)
e2RrT
(13)
under the integral depends on the electron distribution
functions in the leads fr and the electrostatic energy
En = EC(n − n0g)2 of the state with n excess charges.
The rates (12) further depend on the quasiparticle dis-
tribution function in the superconducting island, via
AnFξσ = 1NFV
∑
k
δ(ξ − ξk)〈γ†kσγkσ〉n. (14)
The expectation value 〈 · 〉n in the right hand side of this
equation is taken at fixed number n of electrons in the
dot. Since the level spacing in the island is assumed to be
small, we may express this average as the product of the
”bulk” distribution function Fξσ, which is not sensitive
to the number of electrons in the dot, and the factor An,
which accounts for the parity effect [15, 16] (see Appendix
A for details). This effect originates from the fact that for
even n no quasiparticles exist in the ground state of the
dot, while for odd n at least one unpaired quasiparticle
always remains excited. Having in mind the experiment
[12], in the rest of this paper we will assume that Fξσ  1
and that there is spin degeneracy in the problem, i.e. we
assume Fξk,↑ = Fξk,↓. As we show in Appendix A under
these conditions one can express the parameter An as
follows
An =
{
tanh(Nqp) for even n
coth(Nqp) for odd n
, (15)
where
Nqp =
∑
kσ
Fkσ = NFV
∑
σ
∫
dξFξσ (16)
is the average number of excited quasiparticles in the
superconducting dot provided one would adopt a grand
canonical approach to the problem and would allow the
number of electrons in the dot to fluctuate. In Eq. (16)
we have also defined the density of states in the dot at
the Fermi level NF and the dot volume V. Obviously
in the limit of large number of quasiparticles, Nqp  1,
one finds An = 1 and the parity effect vanishes. In the
opposite limit Nqp  1 we find An → 0 for even n and
An →∞ for odd n.
In the same way we derive the remaining tunneling
rates, which have the form
Wn−1,n(t) = WLn−1,n(t) +W
R
n−1,n(t), (17)
where
W rn−1,n(t) =
∑
σ
∫
dξ
[
wrn−1,n(−E, t)
1−AnFξσ
2
(
1− ξ
E
)
+ wrn−1,n(E, t)
AnFξσ
2
(
1 +
ξ
E
)]
, (18)
and
wrn−1,n(E, t) =
1− fr (En − En−1 + eVφ(t)− µr + E)
e2RrT
.
(19)
The master equation (10) differs from the more familiar
equation describing charge transport through an SET in
two ways: First, the tunneling rates in Eq. (10) depend
on time because of the sinusoidal modulation of the gate
voltage (8). Second, the rates contain the distribution
function of quasiparticles Fξσ, which in general differs
from the equilibrium form. The time evolution of the
4latter is described by the following kinetic equation
d
dt
[∑
n
pnAnFξσ
]
=
1
NFV
∑
rn
∑
s=±1
pn[
wrn+s,n(sE, t)
1−AnFξσ
2
(
1 + s
ξ
E
)
− wrn+s,n(−sE, t)
AnFξσ
2
(
1− s ξ
E
)]
+ pi
∫
dξ′b(E + E′)2
(
1− ξξ
′
EE′
+
∆2
EE′
)
× [(1− Fξσ)(1− Fξ′σ¯)nBE+E′ − FξσFξ′σ¯(1 + nBE+E′)]
+ pi
∫
dξ′b(E′ − E)2sign(E′ − E)
(
1 +
ξξ′
EE′
− ∆
2
EE′
)
× [Fξ′σ(1− Fξσ)(1 + nBE′−E)− Fξσ(1− Fξ′σ)nBE′−E]
×
∑
n
pnAn.
(20)
Here σ¯ stands for the spin opposite to σ, and nBω =
1/[eω/T − 1] is the phonon equilibrium distribution func-
tion. Equation (20) has been derived in second or-
der perturbation theory in the Hamiltonians HT and
He−ph, combined with the Markov approximation (see
Appendix D). The first three lines in its right hand de-
scribe the injection and leakage of the non-equilibrium
quasiparticles through the tunnel junctions. The fourth
and fifth line contain the terms responsible for the pair-
wise creation and annihilation of quasiparticles, and the
last three lines describe the scattering of quasiparticles
on phonons. The parameter b is expressed via the ma-
trix element of electron-phonon coupling averaged over
the Fermi surface (D17). Finally we note that Eqs. (10)
and (20) have a similar structure as those obtained in
Ref. [17] for a normal conducting island.
In general, the kinetic equation (20) should also con-
tain the collision integral induced by the short range
Coulomb interaction between the electrons. In our model
we omit it because here we will mostly focus on the
regime where the occupation probabilities of the quasi-
particle energy levels are small, Fξσ  1. We will show
below that in this limit the current through our device
depends only on the total number of quasiparticles Nqp,
and not on the specific form of the distribution func-
tion Fξσ. Since the electron-electron interaction does
not cause recombination or creation of quasiparticle, it
does not change Nqp and, hence, may be ignored. How-
ever, one should keep in mind that even at Fξσ  1 the
Coulomb interaction may change the shape of the distri-
bution function shown, i.e., in Fig. 3(b).
The kinetic equation (20) is the first main result of
our paper. It allows one to get access to the distribution
function of quasiparticles and to study how does it change
under various bias conditions.
We will now demonstrate that in the limit Fξσ  1
one can replace the full kinetic equation (20) by a much
simpler equation for Nqp. The key point is that in the
considered limit the experimentally most relevant param-
eter – the current flowing through the island – can be ex-
pressed via Nqp. Indeed, in general the current through
the junction r is given by the sum (see Appendix C)
Ir(t) = e
∑
n
[
W rn+1,n(t)−W rn−1,n(t)
]
pn(t), (21)
and at Fξσ  1 the tunneling rates W rn+1,n(t),W rn−1,n(t)
may be approximated as
W rn±1n =
∫
dξwrn±1,n(E)
− [wrn±1,n(∆)− wrn±1,n(−∆)]
AnNqp
2NFV . (22)
The dynamical equation for the quasiparticle number can
be derived from the general equation (20) by taking the
integral over ξ. In the section II A we will show that the
charge imbalance in our system is small (for a quanti-
tative discussion see Fig. 3). Because of that one can
put Fξσ = F−ξσ, which ultimately leads to the so called
Rothwarf-Taylor equation [18] (see Appendix D for de-
tails)
d
dt
[
Nqp
∑
n
pnAn
]
=
∑
n
pn
[
Iqpn − Γqpn NqpAn − κN2qp
]
.
(23)
Here
Iqpn =
∫
dξ
∑
r
[
wrn+1,n(E, t) + w
r
n−1,n(−E, t)
]
(24)
is the total quasiparticle injection rate,
Γqpn =
1
2NFV
∑
r
∑
s=±1
[wrn+s,n(∆) + w
r
n+s,n(−∆)] (25)
is the rate of tunneling of quasiparticles out of the dot,
and κ = 4Γe−ph/NFV∆ characterizes the rate of quasi-
particle recombination. It scales with Γe−ph = pib∆3,
which is the characteristic time scale of electron-phonon
scattering. The electron-phonon coupling constant b can
be related to experimentally more relevant parameter
Σ, which appears in the heat current between electron
to phonon subsystems in the normal state, Pe−ph =
ΣV(T 5e − T 5ph). The corresponding relation reads [19]
b = Σ/48piζ(5)NF . (26)
For aluminum one has Σ ≈ 1.8 × 109WK−5m−3, ∆ ≈
210µeV and NF ≈ 2.32 × 1028eV−1m−3, which gives
Γe−ph ≈ 18 MHz. We note that at low temperatures
the actual electron-phonon recombination rate is typi-
cally much smaller than Γe−ph, see Eq. (31). For exam-
ple, in the experiment [12] it was found to be close to 10
kHz.
5Eq. (23) is the second main result of our paper. As we
have discussed, it is not sensitive to the particular form
of the distribution function Fξσ and to the presence or
the absence of short range electron-electron interaction.
Besides that, it is much easier to solve than the full ki-
netic equation (20). We would also like to note that at
low temperatures Eq. (23) leads to the same results as
the formalism used in Ref. [12]. We discuss this point in
more detail in Appendix F.
II. RESULTS AND DISCUSSION
EC eV T (e
2RLTNFV)−1 (e2RRTNFV)−1
8∆/7 4∆/3 ∆/40 1.8× 10−2Γe−ph 2.5× 10−2Γe−ph
TABLE I: Parameters used in the simulations unless other
values are specified. The frequency Γe−ph = pib∆3 gives a
characteristic scale for the rate of the electron-phonon relax-
ation. The chosen parameters produce the best fit to the
experimental data of Ref. [12].
FIG. 2: (a) Time evolution of the occupation probabilities
of the charging states with 0 (p0) and 1 (p1) extra electrons
in the island. The gate voltage is modulated according to
Eq. (8) with frequency f = 5.56× 10−2Γe−ph. Other system
parameters are listed in Table I. (b) Time evolution of the
quasiparticle number Nqp. The inset illustrates the different
tunneling events.
The system of two coupled equations (10) and (20) can
be readily solved numerically, yielding the full informa-
tion about the distribution function in the quantum dot
and all other parameters. As we have already mentioned
we assume spin degeneracy, so that Fξσ = Fξσ¯.
Let us first consider the regime of large number of ex-
cited quasiparticles, Nqp  1 and An ≈ 1. We find
the latter to be approximately fulfilled for Nqp & 2 [see
Fig. 7]. In this limit the parity effect is negligible.
In Fig. 2 (a) and (b) we show the time-dependence of
the occupation probabilities of the charging states n = 0
and n = 1 together with the quasiparticle number in the
dot, Nqp, for the set of parameters listed in Table I. The
sinusoidal modulation of the gate voltage allows for differ-
ent tunneling processes in certain time windows, defining
the times ti, i = 1, 2, 3, all depending on the modulation
amplitude of the gate voltage. At t1 an electron can tun-
nel (and does so nearly immediately once it is allowed)
from the left lead to the superconducting quantum dot,
changing the charge state from n = 0 to n = 1. Be-
cause of the Coulomb blockade no further single-electron
tunneling occurs. The tunneling process also increases
the quasiparticle number, which in the following relaxes
back due to recombination with rate (which will be fur-
ther discussed in the next section)
1
τrec
= κNqp. (27)
Beyond the time t2 quasiparticles may also escape to the
leads via tunneling within the time interval (t2, t3). The
corresponding escape-rate is given by
Γrtun =
1
2e2RrTNFV
.
Next, at a time t3 an electron leaves the dot through the
right junction, and the cycle of processes repeats. One
can see that between the times t1 and t3 one electron
charge has been pumped through the system from the
left to the right. It is also interesting to note that the
decay of Nqp during the time interval t2 < t < t3 and
its rapid rise at time t3 sum up to 1, which is the total
change of the electron number in the dot in the same
period of time. Thus one can say that at t2 < t < t3 the
number of electron-like quasiparticles decreases, while at
t = t3 the number of hole-like quasipartilces rises.
A. Quasi-particle number and charge imbalance
Figs. 3 (a) and 3 (b) show the time averaged quasipar-
ticle distribution function
〈Fξ〉 = f
∫ 1/2f
−1/2f
dtFξ(t). (28)
We observe that the function 〈Fξ〉 deviates from the equi-
librium form. First of all, it becomes slightly asymmetric
in ξ, i.e. 〈Fξ〉 6= 〈F−ξ〉. The degree of this asymmetry is
controlled by the asymmetry in the junction resistances
RrT . Second, its value at ξ = 0 is increased compared to
what one finds in thermal equilibrium.
Traditionally the distribution function is decomposed
into a symmetric and asymmetric part F s,aξ = (Fξ ±
F−ξ)/2 [13, 20]. They determine, respectively, the quasi-
particle number Nqp (16) and the quasiparticle charge
density Q∗ [21], which is given by the integral
Q∗ = NFV
∫
dξ
ξ
E
F aξ . (29)
6FIG. 3: Time averaged distribution function 〈Fξ〉 and quasi-
particle imbalance charge 〈Q∗〉 at the modulation frequency
f = 5.56 × 10−2 Γe−ph. (a) Color plot of 〈Fξ〉 versus en-
ergy ξ and gate modulation amplitude Ag. (b) Symmet-
ric (〈F sξ 〉) and asymmetric (〈F aξ 〉) components of the dis-
tribution function along the red and blue cuts in the panel
(a). The dashed black line shows the approximate function
F locE in (32). (c) Dependence of the time averaged quasi-
particle number 〈Nqp〉 and the quasiparticle charge density
〈Q∗〉 on the pumping amplitude Ag. (d) Dependence of
〈I/(ef)〉, 〈Nqp〉 and 〈Q∗〉 on the junction asymmetry param-
eter α = (RRT − RLT )/(RRT + RLT ). The quantities are evalu-
ated for Ag = 0.5 and normalized by the results obtained at
α = 0.18.
Comparing Q∗ to Nqp one can draw a conclusion about
the magnitude of charge imbalance induced in the quan-
tum dot. Both quantities are presented in Fig. 3 (c) as
functions of the gate modulation amplitude Ag. Note
that the charge imbalance Q∗ is much smaller compared
to the quasiparticle number Nqp, which assures the use of
Eq. (23) in order to describe the quasiparticle kinetics on
the island. Fig. 3 (d) demonstrates that both Q∗ and the
current increase with the asymmetry in the resistances
of the two junctions, whereas the quasiparticle number
decreases with the asymmetry.
One can get more insight into the results of the nu-
merical simulations if one analyses the interplay between
two different channels of quasiparticle relaxation, namely
the inelastic phonon scattering and recombination. The
corresponding relaxation rates, 1/τsc and 1/τrec, can be
derived from the kinetic equation (20). Neglecting for
the moment the charge imbalance we approximately find
the rates in the form
1
τsc(E)
= Γe−ph
√
2(E −∆)7/2
E∆5/2
, (30)
1
τrec(E)
= Γe−ph
(E + ∆)3
2E∆2
Nqp
NFV∆ , (31)
which are consistent with the temperature dependent in-
verse lifetimes derived in Ref. [22]. At energy E0 ≈ ∆(1+
2(Nqp/2NFV∆)2/7) these rates are equal, at E > E0 the
inelastic scattering dominates, while at E < E0 the re-
combination becomes more important. At Nqp  1 the
energy E0 is close to ∆, which leads to the following
scenario: high energy quasiparticles are quickly equili-
brated by inelastic phonon scattering and the resulting
quasi-equilibrium distribution with the phonon temper-
ature subsequently slowly decays due to recombination
until this decay is balanced by the influx of new quasi-
particles from the leads. Thus, within this simple model
the distribution function should have a local equilibrium
form
F locE = [exp((E − µ)/T ) + 1]−1. (32)
where an increase in the quasiparticle number is ex-
pressed as a shifted chemical potential µ. To avoid con-
fusion at this point, we note that µ is not related to
charge imbalance (we actually ignored it), it merely in-
dicates an increased number of quasiparticles. A fit of
the distribution function to Eq. (32) along the red cut
in Fig. 3 (a) approximately yields µ = 0.82 ∆. The fit is
plotted by the black dashed line in Fig. 3 (b) and turns
out to be very good. A similar scenario of relaxation of
non-equilibrium quasiparticles had been discussed a long
time ago by Owen and Scalapino [23].
As we have discussed above, the precise form of the
distribution function 〈Fξ〉 is not important as long as
〈Fξ〉  1 and one is only interested in the current flowing
through the device. It becomes important, however, if
one is interested in more subtle effects like relaxation,
excitation or decoherence of the quantum states of qubits
[24]. As we have demonstrated in this section, our model
may be useful in describing such phenomena.
B. Frequency dependence
FIG. 4: Frequency dependence of the quasiparticle number
〈Nqp〉, the quasiparticle charge density 〈Q∗〉 and the normal-
ized pumping current 〈I/(ef)〉. The quantities are evaluated
for a gate amplitude Ag = 0.5 and normalized by the results
obtained at f = 5.56× 10−2 Γe−ph.
7FIG. 5: Normalized current 〈I/ef〉 and the quasiaprticle num-
ber 〈Nqp〉 at different modulation amplitudes and frequencies.
(a) Normalized current, 〈I/ef〉, versus the modulation ampli-
tude Ag for two different frequencies f = 5.56 × 10−2Γe−ph
(red symbols) and f = 5.56×10−3Γe−ph (blue symbols); black
line — theory, symbols — experimental data of Ref. [12].
(b) Simulated current for a wide range of frequencies. (c)
Quasiparticle number 〈Nqp〉 at various pumping frequencies
and modulation amplitudes. (d) Frequency dependence of the
quasiparticle number 〈Nqp〉 evaluated at the modulation am-
plitudes corresponding to the middle of plateaus in panel (c).
The red, green and blue dots correspond, respectively, to the
first, second and third plateaus. The black lines indicate the
approximation 〈Nqp〉 =
√
2Nf/κ, where N is the number of
the plateau.
An important question in the context of metrology and
quantum information is the dependence of the quasipar-
ticle poisoning of superconducting devices on the repe-
tition rate with which an operation is performed. It is
known that the operation frequency of the hybrid turn-
stile, which we are considering, should be chosen suffi-
ciently low, 2pif < ∆/e2RT [9], in order to leave electrons
enough time to tunnel through the device. In our simula-
tions we will stay below this high-frequency limit paying
more attention to limitations of the device operation at
low frequencies.
In Fig. 4 we investigate the frequency dependence of
〈Nqp〉, 〈Q∗〉 and 〈I/(ef)〉 for our setup. We find that
both quasiparticle number and the charge density are
determined by the recombination rate at high frequency.
Indeed, at large f and, hence, large Nqp the term κN
2
qp
on the right hand side of the Eq. (23) dominates over
the term Γqpn NqpAn. The injection term Iqpn scales lin-
early with the frequency f in this regime. Thus at high
f and after time averaging, Eq. (23) leads to the result
〈Nqp〉 ∝ f1/2. We find that for frequencies f & 0.1 Γe−ph
this dependence agrees with the numerical results fairly
well. The normalized current 〈I/(ef)〉 tends to a con-
stant in this limit, which makes it interesting for metro-
logical applications. This limiting behavior of the cur-
rent can be easily understood if one analyses the depen-
dence of the rates (22), which enter the current (21),
on frequency. The first contribution to the rates (22)
scales as ∼ f , while the quasiparticle contribution is
proportional to 〈Nqp〉 and therefore it is suppressed at
large frequencies. In the opposite limit of low frequency,
f . 0.1 Γe−ph, we find that the numerical results are well
fitted by the dependence 〈I/(ef)〉 ∝ 1/f1/3.
Next we fit our model to the experimental data for the
pumping current [12], with the results shown in Fig. 5.
The theoretical curves have been generated by solving
the Rothwarf-Taylor equation (23) for Nqp numerically
and substituting the result in the expression for the cur-
rent (21). We find good agreement between theory and
experiment, see Fig. 5 (a). Figs. 5 (b) and (c) show theory
predictions for the current and the quasiparticle number,
respectively, at various frequencies and gate modulation
amplitudes. We find that at higher frequencies the nor-
malized current 〈I/(ef)〉 approaches the ideal staircase-
like behavior in agreement with our previous discussion.
We also find that the quasiparticle number grows both
with the frequency and with the gate modulation am-
plitude. This behavior can be readily understood if one
returns to the time traces in Figs. 2 (a) and 2 (b). Ob-
viously, electron tunneling in or out of the dot is always
accompanied by quasiparticle injection. As the gate mod-
ulation amplitude Ag grows, a third charging state of the
dot becomes available for the transport at some point,
and the number of excited quasiparticles per cycle dou-
bles. Assuming that exactly one quasiparticle is excited
in every tunneling event we arrive at a simple estimate
〈Nqp〉 =
√
2Nf/κ, where N stands for the number of
the plateau in Fig. 5 (c). In Fig. 5 (d) 〈Nqp〉 is plot-
ted as a function of frequency f and at Ag = N − 0.5
(with N = 1, 2, 3 corresponding to the red, green and
blue dots). We observe that our simple estimate of the
quasiaprticle number actually works reasonably well.
We would like to emphasize that we have only two in-
dependent fit parameters in our model, namely the com-
binations e2RrTNFV, r = L,R, which are listed in Table
I. This observation provides strong evidence of the valid-
ity of Eq. (23).
C. Parity Effect
Let us now turn to the regime where the parity ef-
fect becomes important. In Fig. 1(b) we calculated the
stability diagram in equilibrium for T = ∆/40. There
the presence of an extra quasiparticle excitation in the
odd charging state leads to a finite current plateau at
|eV | < 2∆, which is 2-e-periodic in the gate charge.
Due to the periodical excitation of quasipartciles dur-
ing the turnstile operation the parity effect matters if
the frequency becomes lower than the recombination rate
(31), f . 1/τrec(∆). In this case one finds that Nqp . 2,
which is precisely the regime where the parity effect has
8FIG. 6: The influence of the parity effect on the pump-
ing current. (a) Theoretical current with parity effect in-
cluded (black rectangles) and ignored (gray triangles) com-
pared with the experimental data of Ref. [12] (magenta cir-
cles) for f = 2 × 10−4Γe−ph. (b) Difference of the current
with parity effect included and the one without it for the
frequencies f = 2, 2.7, and 5.4 × 10−4Γe−ph (solid,dashed
and dotted lines respectively). (c) Frequency dependence of
the current with/without parity effect included for Ag = 0.25
(black rectangles/gray triangles). The arrow indicates the re-
combination rate for Nqp = 2. (d) Difference of the curves in
panel (c).
to be taken into account (see Fig. 7).
To see its influence on the average current we first
solve Eqs. (10) and (23) in combination with Eq. (15).
We compare the result of this full analysis with the sim-
plified approach, in which we deliberately set An = 1
everywhere thus suppressing the parity effect. In Fig. 6
(a) we compare results of both approaches for the pump-
ing current as a function of the modulation amplitude
Ag with the experimental data of Ref. [12]. We find that
incorporating the parity effect into the model indeed al-
lows us to better fit the experimental data, especially for
small values of the gate modulation amplitude. The role
of the parity effect may be characterized by the difference
between the exact current, 〈I〉, and its value 〈I∗〉 derived
under the assumption that An = 1. In Fig. 6(b) this
difference, 〈∆I〉 = 〈I〉 − 〈I∗〉 is plotted as a function of
the modulation amplitude for three different modulation
frequencies showing that features of the parity effect first
develop at small gate amplitude. In Fig. 6(c) and 6(d),
the frequency dependence of the currents 〈I〉 as well as
〈I∗〉 is shown for Ag = 0.25. We find that the exact
current 〈I〉 approaches a constant value for frequencies
f . 1/τrec(∆) whereas 〈I∗〉 decreases further with fre-
quency. This agrees with the observation that in this
regime the dominant current contribution arises from the
current plateau that we see in Fig. 1(b). Finally in panel
Fig. 6(d) the difference 〈∆I〉 is plotted versus frequency
showing the emergence of the parity effect with decreas-
ing frequency.
III. SUMMARY
We have investigated the properties of a small super-
conducting island in a NSN configuration driven by both
a dc bias voltage and an ac pumping gate voltage. Apart
from the number of excess single-electron charges on the
dot we have to pay attention to the non-equilibrium dis-
tribution of quasiparticles. Starting from the microscopic
theory and using standard approximations we derived the
master equation for the occupation probabilities of dif-
ferent charge states of the dot (10). The tunneling rates,
which appear in this equation, are influenced by the non-
equilibrium quasiparticle distribution function. In addi-
tion we derived the kinetic equation describing the time
evolution of the quasiparticle distribution function (20).
The combination, i.e., Eqs. (10) and (20) fully describe
the dynamics of our system. We solved these equations
numerically and demonstrate that our model allows fit-
ting with high precision the results of the experiment
[12]. We have also derived a simplified kinetic equation
(23) (Rothwarf-Taylor equation), which involves the total
number of excited quasiparticles instead of their full dis-
tribution function. This equation is valid in the regime
where the occupation probabilities of the quasiparticle
levels are small. Our theory is valid even in the regimes
where only one quasiparticle is excited in the supercon-
ducting island. In particular, it fully takes into account
the parity effect, which becomes important in small su-
perconducting particles at low temperatures.[15, 16]
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Appendix A: Density matrix at fixed number of
electrons in the island
As usual, we separate the Hamiltonian into an unper-
turbed part H0 = HD +
∑
rHr +Hp and a perturbation
HI = He−ph + HT . After standard manipulations and
making the Markov approximation we arrive at the Li-
ouville equation for the density matrix of the system ρˆ(t),
d
dt
ρˆ(t) = (−i)2
∫ t
−∞
dt′ [HI(t), [HI(t′), ρˆ(t)]]. (A1)
Next we assume that the density matrix can be factorized
into the product of the density matrices of the leads ρˆr,
of the phonons, ρˆp, and of the island. We also assume
that the leads and the phonons remain in equilibrium, so
that
ρˆr =
e−βHr
Tr(e−βHr )
, ρˆp =
e−βHp
Tr(e−βHp)
, (A2)
9where β = 1/T is the inverse temperature.
Assuming a grand canonical ensemble, i.e. allowing
fluctuations of the number of electrons in the dot, we
may express the density matrix of the quasiparticles in
the form
ρˆqp =
∏
kσ
[(1− Fkσ)(1− nˆkσ) + Fkσnˆkσ] , (A3)
where nˆkσ = γ
†
kσγkσ and Fkσ is the occupation proba-
bility of the level kσ. In equilibrium one finds Fkσ =
1/(exp(βEk) + 1). Out of equilibrium Fkσ has to be ob-
tained from a kinetic equation.
Next, we include the parity effect into the model. Quite
generally, one would have to switch to the canonical en-
semble and strictly fix the number of electrons in the dot,
but this route turns out to be technically very difficult.
Fortunately, in order to describe the properties of big su-
perconducting quantum dots with small level spacing and
large number of electrons it is sufficient to fix only the
parity of the electron number. In order to do so we first
introduce the projection operators Pˆ± on the subspaces
with even (denoted by the superscript +) and odd (de-
noted by the superscript -) numbers of electrons trapped
in the quantum dot. These operators read
Pˆ± =
1√
2
[
1± (−1)nˆ] = 1√
2
[
1±
∏
kσ
(1− 2nˆkσ)
]
. (A4)
Here we have used the fact that the parities of the num-
ber of electrons in the quantum dot and of the number
of excited quasiparticles are the same and made the re-
placement
nˆ =
∑
kσ
d†kσdkσ →
∑
kσ
γ†kσγkσ. (A5)
Besides that, we also used the identity (−1)γ†kσγkσ = 1−
2γ†kσγkσ. With the aid of the operators Pˆ
± we can write
the density matrices of the quasiparticles in the even and
odd states in the form
ρˆn=even/oddqp =
Pˆ±ρˆqp
Tr(Pˆ±ρˆqp)
. (A6)
We further assume that the function Fkσ remains the
same in the even and odd states. This assumption is
valid in big quantum dots where one additional electron
does not significantly change the occupation probabilities
of the energy levels.
The quasiparticle occupation probabilities 〈nˆkσ〉n =
Tr(nˆkσρˆ
n
qp) can be readily calculated. Employing the
commutation rules
γkσPˆ
± =
1√
2
[
1∓
∏
pα6=kσ
(1− 2nˆpα)
]
γkσ, (A7)
γ†kσPˆ
± =
1√
2
[
1±
∏
pα6=kσ
(1− 2nˆpα)
]
γ†kσ,
nˆkσPˆ
± =
1√
2
[
1∓
∏
pα6=kσ
(1− 2nˆpα)
]
nˆkσ,
(1− nˆkσ)Pˆ± = 1√
2
[
1±
∏
pα6=kσ
(1− 2nˆpα)
]
(1− nˆkσ),
nˆkσ(1− nˆqβ)Pˆ± = 1√
2
[
1∓
∏
pα6=kσ, qβ
(1− 2nˆpα)
]
nˆkσ(1− nˆqβ),
nˆkσnˆqβPˆ
± =
1√
2
[
1±
∏
pα6=kσ, qβ
(1− 2nˆpα)
]
nˆkσnˆqβ ,
one finds
〈nˆkσ〉even/odd = Fkσ
1∓∏pα6=kσ(1− 2Fpα)
1±∏pα(1− 2Fpα) . (A8)
In the important limit of weak excitation, Fkσ  1, we
can approximate this expression as follows
〈nˆkσ〉even/odd = Fkσ
1∓ exp(−2∑pα6=kσ Fpα)
1± exp(−2∑pα Fpα) . (A9)
As mentioned in the main text, we assume that the level
splitting in the quantum dot is smaller than temperature
and bias voltage. Under these conditions many quasi-
particle states are always occupied, and we may further
approximate
∑
pα 6=kσ Fpα ≈
∑
pα Fpα = Nqp. Hence we
obtain
〈nˆkσ〉n = Fkσ[tanh(Nqp)](−1)n ≡ AnFkσ. (A10)
In order to find out under which conditions the parity
effect becomes important, we plot the quasiparticle num-
bers in the even and odd states,
Nnqp =
∑
kσ
〈nˆkσ〉n = AnNqp, (A11)
versus Nqp in Fig. 7. It is clear for this plot that the
parity effect needs to be taken into account for Nqp . 2.
Subsequently we will also need the following expecta-
tion values
〈nˆkσnˆqβ〉even/odd = FkσFqβ
1± exp(−2∑pα6=kσ,qβ Fpα)
1± exp(−2∑pα Fpα) ,
〈nˆkσ(1− nˆqβ)〉even/odd
= Fkσ(1− Fqβ)
1∓ exp(−2∑pα 6=kσ,qβ Fpα)
1± exp(−2∑pα Fpα) . (A12)
Employing the same set of approximations to this com-
bination, we arrive at simple results 〈nˆkσnˆqβ〉 ≈ FkσFqβ
and 〈nˆkσ(1− nˆqβ)〉n ≈ AnFkσ(1− Fqβ).
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FIG. 7: Parity affected quasiparticle number Nnqp =∑
kσ〈nˆkσ〉n in the even and odd charging states versus the
grand canonical quasiparticle number Nqp.
Appendix B: Tunneling rates and master equation
In this appendix we will derive the master equation for
the occupation probabilities
pn = Tr(ρˆ
n), where ρˆn = ρˆnqpρˆLρˆRρˆp, (B1)
of the charging states of the quantum dot. Let Pˆn =
|n〉〈n| be the projector onto charging state |n〉, then pn =
Tr(Pˆnρˆ). In order to keep track of the charge and the
quasiparticle excitations on the dot we decompose the
tunneling Hamiltonian into terms
H++kσ =
∑
rk′
(trkk′)
∗uk Tˆ †eiφγ
†
kσcrk′σ (B2)
H+−kσ =
∑
rk′
(trkk′)
∗σ vk Tˆ †eiφγ−k−σcrk′σ, (B3)
and Hαβkσ = (H
−α,−β
kσ )
†, with α, β = ±, such that HT =∑
kσ
∑
αβ H
αβ
kσ . Here H
+−
kσ for example adds a charge
and removes an excitation {−k,−σ} on the dot. With
Eq. (A1) we obtain
d
dt
pn = 2Re
∫ t
−∞
dt′
∑
αβ
∑
kσ
× Tr(Hαβkσ (t)H α¯β¯kσ (t′)ρˆn+α(t)−H α¯β¯kσ (t′)Hαβkσ (t)ρˆn(t))
(B4)
where α¯ = −α. The contractions can be readily calcu-
lated using (A10). As an example we choose the combi-
nation
I1 ≡ 2Re
∑
kσ
∫ t
−∞
dt′Tr
(
H++kσ (t)H
−−
kσ (t
′)ρˆn+1(t)
)
=
∑
rkk′σ
|trkk′ |2u2k(1− frk′σ)An+1Fkσpn+1
× 2Re
∫ t
−∞
dt′e−i(ξrk′σ+eVr−eVφ(t)−En+1+En−Ek)(t−t
′).
(B5)
Here we introduced the charging energy En = EC(n −
n0g)
2, the distribution function of the leads, frk′σ, and
linearized the time dependence of φ, i.e. φ(t) − φ(t′) ≈
eVφ(t)(t − t′). In order to perform the time-integral we
use Re
∫ 0
−∞ dτe
ixτ+ητ = η/(x2 + η2) → piδ(x) (η → 0).
Converting the k′-sum into an integral, i.e.
∑
k′ →NFV
∫
dξ′, yields
I1 = 2piNFV
∑
rkσ
|tr|2pn+1
× [u2kAnFkσ[1− f(−eVr + eVφ(t) + En+1 − En + Ek)] .
(B6)
In this way all various combinations are calculated.
They are simmetrized by the transition rates Wn∓1,n =∑
rW
r
n∓1,n for transitions from charging states n to n∓1,
W rn−1,n(t) =
∑
kσ
1
e2RrTNFV
(B7)
× {u2kAnFkσ[1− f(−eVr − En−1 + En + eVφ(t) + Ek)]
+ v2k (1−AnFkσ)
× [1− f(−eVr − En−1 + En + eVφ(t)− Ek)]
}
,
W rn+1,n(t) =
∑
kσ
1
e2RrTNFV
(B8)
× {u2k (1−AnFkσ) f(−eVr − En + En+1 + eVφ(t) + Ek)
+ v2kAnFkσf(−eVr − En + En+1 + eVφ(t)− Ek)
}
.
Here we introduced the tunneling resistances RrT as fol-
lows: (e2RrT )
−1 = 2pi(NFV )2|tr|2. After all these trans-
formations Eq. (B4) acquires the form (10) given in the
main text.
Appendix C: Tunneling current
The current through lead r is given by the expec-
tation value Ir = e
〈
d
dt
∑
kσ c
†
rkσcrkσ
〉
with the elec-
tron operators crkσ and c
†
rkσ of lead r = L,R. Ob-
serving that the following commutator relation applies,
[
∑
kσ c
†
rkσcrkσ,
∑
p,αβ H
αβ
pσ ] = −
∑′
p,αβ αH
αβ
pσ , one ob-
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tains within the Born-Markov approximation
Ir(t) = −e
∫ t
−∞
dt′
′∑
kσ,αβ
Tr(αHαβkσ (t)[H
α¯β¯
kσ (t
′), ρˆ(t)]),
= −2eRe
∫ t
−∞
dt′
′∑
kσ,αβ
Tr(αHαβkσ (t)H
α¯β¯
kσ (t
′)ρˆ(t)).
(C1)
Here the prime in the sums shall indicate that exclu-
sively tunneling events from and to lead r are consid-
ered. Eq. (C1) is very similar to Eq. (B4) and therefore
the current can be expressed via the transition rates (B7)
and (B8),
Ir(t) = e
∑
n
[W rn+1,n(t)−W rn−1,n(t)] pn(t). (C2)
Appendix D: Kinetic equation
In order to evaluate the kinetics of the quasiparticles
one has ask for the probability to find n electrons and a
quasiparticle in the state kσ, i.e. 〈nˆkσPˆn〉,
d
dt
(
nˆkσPˆn
)∣∣∣∣
tun
= i
(
[HI , nˆkσ]Pˆn + nˆkσ[HI , Pˆn]
)
(D1)
In this case both the tunneling and the electron-phonon
interaction have to be considered, HI = HT +Hep.
1. Tunneling
First we consider the contribution coming from the
tunnel Hamiltonian,
d
dt
(
nˆkσPˆn
)∣∣∣∣
tun
= i
(
[HT , nˆkσ]Pˆn + nˆkσ[HT , Pˆn]
)
(D2)
By summing up all charging states n the second term in
Eq. (D2) vanishes due to charge conservation. The first
commutator gives
d
dt
∑
n
〈
nˆkσPˆn
〉∣∣∣∣
tun
= −2Re
∫ t
−∞
dt′
∑
n
∑
αβ
× Tr(βHαβkσ (t)H α¯β¯kσ (t′)ρˆn(t)), (D3)
which is again very similar to (B4) and (C1). Therefore,
without going into detail, we get
d
dt
∑
n
〈
nˆkσPˆn
〉∣∣∣∣
tun
=
∑
nr
pn
e2RrTNFV
(D4)
× {− [1− f(−eVr − En−1 + En + eVφ(t) + Ek)]u2kσAnFkσ
+ [1− f(−eVr − En−1 + En + eVφ(t)− Ek)] v2kσ(1−AnFkσ)
+ f(−eVr + En+1 − En − eVφ(t) + Ek)u2kσ(1−AnFkσ)
− f(−eVr + En+1 − En − eVφ(t)− Ek)v2kσAnFkσ
}
.
2. Inelastic phonon scattering
In order to derive the electron-phonon collision inte-
gral, we repeat the same analysis as in the previous sub-
section replacing the tunnel Hamiltonian in Eq. (D1) by
the electron-phonon interaction (4). We start by decom-
posing the electron-phonon Hamiltonian into parts,
Hep =
∑
qkσ
hσk+q,k + h.c. (D5)
hσk+q,k =
(
Sσk+q,k +R
σ
k+q,k
)
ϕˆq (D6)
Sσk+q,k = gk+q,k(uk+quk − vk+qvk)γ†k+q,σγkσ (D7)
Rσk+q,k = gk+q,k(uk+qvk + vk+quk)γ
†
k+q,σγ
†
kσ (D8)
ϕˆq = bq + b
†
−q. (D9)
Mind that electron-phonon interaction does not change
the charge on the dot. Thus we only have to consider the
commutator [nˆkσ, Hep] =
∑
q h
σ
k,k−q − h.c.,
d
dt
∑
n
〈
nˆkσPˆn
〉∣∣∣∣
ep
= −2Re
∫ t
−∞
dt′
∑
nq
× Tr
(
hσk,k−q(t)[h
σ
k,k−q(t
′)]†ρˆn(t)
− [hσk,k−q(t)]†hσk,k−q(t′)ρˆn(t)
)
.
(D10)
This equation involves contributions accounting for pair-
braking/recombination and scattering. The contrac-
tions lead to the common collision integrals for electron-
phonon interaction. For instance we obtain
I2 ≡ −2Re
∫ t
−∞
dt′
∑
nq
× Tr(Sσk,k−q(t)[Sσk,k−q(t′)]†ϕˆq(t)ϕˆ†q(t′)ρˆn(t)) (D11)
= −2Re
∫ t
−∞
dt′
∑
nk′q
|gkk′(ukuk′ − vkvk′)|2Tr
(
ρˆn(t)
× {ei(Ek−Ek′−ωq)(t−t′)nˆkσ(1− nˆk′,σ)(1 + Nˆq)δk′,k−q
+ ei(Ek−Ek′+ωq)(t−t
′)nˆkσ(1− nˆk′,σ)Nˆqδk′,k+q
})
,
(D12)
with Nˆq = b
†
qbq. The last two lines correspond to pro-
cesses where a quasiparticle in the state kσ is scattered
into the state k′σ by emitting or absorbing a phonon.
Performing the time-integral entails the energy conserva-
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tion for each of these processes. On the other hand
I3 ≡ −2Re
∫ t
−∞
dt′
∑
nq
× Tr(Rσk,k−q(t)[Rσk,k−q(t′)]†ϕˆq(t)ϕˆ†q(t′)ρˆn(t)) (D13)
= −2Re
∫ t
−∞
dt′
∑
nk′q
|gkk′(ukvk′ + vkuk′)|2Tr
(
ρˆn(t)
× {ei(Ek+Ek′−ωq)(t−t′)nˆkσnˆk′σ¯(1 + Nˆq)δk′,−k+q})
(D14)
corresponds to the recombination of two quasiparticles
and the emission of a phonon with energy ωq > 2∆. With
(A12) we find
I2 =
pib
NFV
∑
n
∑
k′
(Ek − Ek′)2
(
1 +
ξkξk′
EkEk′
− ∆
2
EkEk′
)
×AnFkσ(1− Fk′,σ)(1 + nBEk−Ek′ )sign(Ek − Ek′)pn,
(D15)
I3 = − pibNFV
∑
n
∑
k′
(Ek + Ek′)
2
(
1− ξkξk′
EkEk′
+
∆2
EkEk′
)
× FkσFk′σ¯(1 + nBEk+Ek′ )pn. (D16)
Here nBω = 1/[exp(βω) − 1] is the equilibrium Bose-
distribution. We further assume that the Fermi-surface
averaged electron-phonon coupling matrix is absorbed in
a single constant b, so that
1
NFV
∑
pp′
|gp,p′ |2δ(ξp)δ(ξp′)δ(ω − ωp−p′) ≈ bω2θ(ω).
(D17)
Here we essentially assumed an isotropic electron-phonon
coupling gp,p′ and a Debye phonon density of states typ-
ical for acoustic phonons. Finally we obtain
d
dt
∑
n
〈
nˆkσPˆn
〉∣∣∣∣
ep
=
pib
NFV
∑
np
(D18)
× (Ek + Ep)2
[
1− ξkξp
EkEp
+
∆2
EkEp
]
×
[
(1− Fkσ)(1− Fpσ¯)nBEk+Ep − FkσFpσ¯(1 + nBEk+Ep)
]
pn
+ (Ep − Ek)2sign(Ep − Ek)
[
1 +
ξkξp
EkEp
− ∆
2
EkEp
]
×
[
Fpσ(1− Fkσ)(1 + nBEp−Ek )− Fkσ(1− Fpσ)nBEp−Ek
]
Anpn.
In the limit of many excitations and An → 1 the
Eq. (D18) reduces to the familiar form [25].
Appendix E: Rothwarf-Taylor equation
In this section we are going to derive a simple kinetic
equation for the quasiparticle number Nqp in the same
way as Rothwarf and Taylor did in Ref. [18]. For sim-
plicity we neglect the charge imbalance and assume that
Fkσ = Fk′σ if ξk = −ξk′ . We integrate the kinetic equa-
tion (20) over the quasiparticle energies. First we observe
that those contributions in Eqs. (D4) and (D18), which
do not depend on the quasiparticle distribution function,
can be combined in the injection rate
Iqpn =
∑
ks=±1
1
e2RrTNFV
(E1)
[1− f(−eVr − En−1 + En + eVφ(t)− Ek)
+ f(−eVr + En+1 − En + eVφ(t) + Ek)] .
Next we define the tunneling rate Γrn, which effectively
describes the relaxation of the quasiparticle distribution
function via the tunneling in or out of the leads. We
assume that all excited quasiparticles have the energies
just above the superconducting gap ∆. This assumption
is justified by the fact that in our setup quasiparticles
are injected close to the gap and the electron-phonon
relaxation is sufficiently strong. Keeping that in mind
we make the following approximation:
Γqpn =
∑
kσs=±1
1
2e2RrTNFV
(E2)
[1− f(−eVr − En−1 + En + eVφ(t) + sEk)
+ f(−eVr + En+1 − En + eVφ(t) + sEk)] AnFkσ
NqpAn
≈
∑
s=±1
1
2e2RrTNFV
[1− f(−eVr − En−1 + En + eVφ(t) + s∆)
+ f(−eVr + En+1 − En + eVφ(t) + s∆)] .
Considering now the electron-phonon collision integral,
we note that those terms which conserve the number
of quasiparticles vanish upon the integration. Next, at
sufficiently low temperatures, and also since the phonon
bath stays in equilibrium, the pair-braking processes are
suppressed. Thus only recombination contributes to the
quasiparticle relaxation. The rate of recombination reads
κ =
pib
NFV
∑
kσp
(Ek + Ep)
2
[
1 +
∆2
EkEp
]
Fkσ
Nqp
Fpσ¯
Nqp
≈ 4pib∆
2
NFV . (E3)
Combining all these results we arrive at the Rothwarf-
Taylor equation
d
dt
[∑
n
pnNqpAn
]
=
∑
n
pn
[
Iqpn − Γqpn NqpAn − κN2qp
]
.
(E4)
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Appendix F: Relation to the formalism of Ref. [12]
In this appendix we demonstrate the equivalence of
the approach used in this paper to that of Ref. [12] by
showing that Eq. (23) also follows from the latter. In
Ref. [12] the system dynamics is described in terms of
joint probability distribution of electron number, n, and
quasiparticle number, m, which we denote as pnm. It
satisfies the master equation
dpnm
dt
= Wm,m−1n,n−1 pn−1,m−1 +W
m,m+1
n,n−1 pn−1,m+1
+Wm,m+1n,n+1 pn+1,m+1 +W
m,m−1
n,n+1 pn+1,m−1
− (Wm+1,mn+1,n +Wm−1,mn+1,n
+Wm−1,mn−1,n +W
m+1,m
n−1,n
)
pnm. (F1)
For the sake of simplicity here we ignore the electron-
phonon interaction. In this equation the rate Wm+1,mn+1,n ,
for example, describes the tunneling of one electron into
a superconducting island with simultaneous creation of a
quasiparticle, while the rate Wm−1,mn+1,n describes the elec-
tron tunneling into the island accompanied by an anni-
hilation of a quasiparticle. These two rates are defined
as follows
Wm±1,mn+1,n = W
m±1,m;L
n+1,n +W
m±1,m;R
n+1,n , (F2)
Wm+1,m;rn+1,n =
∑
σ
∫
dξ wrn+1,n(E)
1− F (m)ξσ
2
(
1 +
ξ
E
)
,
Wm−1,m;rn+1,n =
∑
σ
∫
dξ wrn+1,n(−E)
F
(m)
ξσ
2
(
1− ξ
E
)
.
Here the distribution function F
(m)
ξσ is normalized in such
a way that
NFV
∑
σ
∫
dξ F
(m)
ξσ = m. (F3)
The remaining rates are defined similarly.
The specific form of the distribution function F
(m)
ξσ is
not important as long as F
(m)
ξσ  1. Indeed in this limit
and in the absence of charge imbalance we may approxi-
mate the rates in the following way
Wm+1,m;rn+1,n =
∫
dξ wrn+1,n(E)−m
wrn+1,n(∆)
2NFV , (F4)
Wm−1,m;rn+1,n = m
wrn+1,n(−∆)
2NFV , (F5)
and similarly for all remaining rates.
Next, we multiply Eq. (F1) by the quasiparticle num-
ber m and perform the summation over both m and n.
After some manipulations we arrive at the result
d
dt
∑
mn
[
mpnm
]
=
∑
mn
pnm
[
Wm+1,mn+1,n −Wm−1,mn+1,n
−Wm−1,mn−1,n +Wm+1,mn−1,n
]
. (F6)
Next, we introduce the occupation probability of a
state with n electrons trapped in the island, pn =∑
m pnm, and the average number of excited quasipar-
ticles in this state, Nnqp =
∑
mmpnm/pn. The latter pa-
rameter should be equalized with the number of quasipar-
ticles defined in the Eq. (A11), i.e. we put Nnqp = AnNqp.
Combining Eqs. (F4,F5) and (F6) we arrive at the result
d
dt
[
Nqp
∑
n
pnAn
]
=
∑
n
pn
[
Iqpn − Γqpn NqpAn
]
, (F7)
The Eq. (F7) coincides with the Eq. (23) of the main text
with omitted recombination term. Thus we have indeed
demonstrated the equivalence of the two approaches.
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